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UTILIZATION OF CRITERIAL EQUATIONS
FOR QUANTITATIVE PROCESSING
OF THERMOGRAVIMETRIC RESULTS
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A system of criterial equations is proposed for determining the parameters of kinetic
equations by thermogravimetric results. The criterial equations take into account the
particularities of the effect of each parameter on the shape and position of the TG curve. It is
shown that the method ensures uniqueness of the solution obtained, which best fits to the
experimental data.

Although TG is widely used to study the kinetics of solid-phase reactions, reports
of various authors cannot always be considered as reliable.

The factors affecting the quality of mathematical description of processes taking
place under non-isothermal conditions may be divided into two major groups:
those connected with the authenticity of the experimental procedure, and those
related to the selection of the method for quantitative description of TG results.

In this paper we do not deal with the authenticity of the experiments, and assume
that the experimental data are reliable, i.c. the temperature recorded is equal to the
temperature of the sample studied (and the temperature is constant in the whole
sample), and that the distortions of mass loss caused by apparatus and other noises
can be neglected. About the details of the procedure regarding the above
requirements see [3, 5].

For the mathematical description of chemical processes taking place in solid
phase, the equation of formal kinetics is utilized most frequently, assuming that the
temperature dependence of the rate of reaction follows the Arrhenius law:

da/dt = Zexp (— E/RT)(1—a)" 03]
or for the case of uniform temperature increase:
do/dT = (Z/q) exp (— E/RT )(1 —a)" @
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where a is the degree of conversion of the substance, ¢ is time, T is temperature, ¢ is
heating rate, Z is the preexponential factor, E is the activation energy and n is the
order of the reaction.

Usually the solution of the reverse task of chemical kinetics 1s based on
linearizing Eq. (2) with respect to kinetic parameters by means of various
transformations and assumptions, and the kinetic parameter of interest is found by
linear least squares method (LSM). This approach does not require cumbersome
calculations, but it may, however, result in constants that are shifted relative to their
true values, which leads to discrepancy between experimental data and theorétical
values.

This can be avoided by applying non-linear computerized numerical calculation,
discussed in detail in [4].

For the critical function to be minimized, a quantity is used numerically
characterizing the degree of coincidence of experimental and theoretical data.

In the followings, we shall understand by the quantity the standard deviation
(SK) assuming the value 0™ at full coincidence and ““1°" at full non-coincidence of
calculated and experimental curves.

The major drawbacks of this approach, related to the following properties of the
criterial function (SK) are discussed in [4]. Firstly, it has the shape of a flat pit, the
presence of which is explained by the compensation effect, which is actually a close
correlation between parameters E and Z. Secondly, the criterial function has a
plateau (cf. Fig. 2), causing difficulties in selecting the initial approach. Thirdly,
some disagreement always occurs between the quantitative description and the true
behaviour of the system that may lead to local minima of the criterial function
comparable in value with the global minimum.

Taking into account of all these particularities of the criterial function a great
amount of calculations is required to solve the problem.

The aim of this work was to develop a method for finding kinetic parameters
ensuring that reliable results can be obtained only by performing relatively small
amount of calculations.

The essence of the novel approach is the following: instead of searching for the
minimum of the SK function within the total range of the parameters, the successive
solution of criterial functions is applied, these functions take into account of the
particular effect of each parameter on the shape of the curve described by Eq. (2).
For example, in the literature it has been noted frequently that the presence of the
compensation effect, raising difficulties in non-linear computerized numerical
calculations, may sharply reduce the range in which optimum values of E and Z
should be sought, since this effect demonstrates their close relationship. Making use
of the relationships between E and Z in their explicit [8, 6] or implicit {7] form allows
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to reduce the amount of calculations substantially, since it, in fact, reduces the
optimization task.

In the suggested method we take into account that changing Z (as follows from
the integral form of Eq. (2)) results in a proportional change of the g(a) value:

gla) = Z [exp(— E/RT)
n=1 g)= —In(l-a)
n#l g)=1/((1-n)-(1—(1—=a)l"")
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Fig. 1 Curves obtained with the criterial Eq. (2) for n=1; 1 — E = 209.5 kJ/mol, Z = 0.1-10'!;
2-E=2095kimol, Z=10.1-10'3; 3 - E = 209.5 kJ/mol, Z = 0.1-10°; 4, 5 — Satisfy the
conditions FZ = 0 at E = 168 kJ/mol and 251 kJ/mol, resp.

expressed by the shift of the curve along the temperature axis (cf. Fig. 1). The value
of the shift can be characterized by the difference (FZ) between the temperature of
the calculated and experimental curves at that degree of transformation where the
inflexion point of the experimental curve is:

FZ = T30~ Ti-u 3

where exp and cd are indices for experimental and calculated values, resp., and s is
an index characterizing the inflexion point.
Why the inflexion point was chosen as a characteristic point is discussed below.
Derivation of Eq. (2) and putting it equal to zero in the inflexion point gives

n(—da/dT)+(E/RT2) (1—a,) = 0

It follows from the above that if the condition that FZ = 0is satisfied and the value
of nis fixed, changes in parameter E lead to the proportional changes of da/d T, that
manifest itself in the turn of the calculated curve to the inflexion point (cf. Fig. 1).
Therefore, as criterion accounting for the effect of parameter E (at fixed n) on the
position of the calculated curve, evaluating the correctness of the calculated values
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E and Z, the sum of differences in temperature may serve, the different values on the
two sides of the inflexion point of the experimental curve being considered with
different signs:

Z ( P ooy~ Tiamag™®) — Z( P exe) )i~ Tia=aeve)) (4)

where 7 is the number of the vector elements used in the calculation of the
experimental data, and N is the number of experimental points used.

The value of parameter n affects the position of the inflexion point on the curve
described by Eq. (2), utilized for the estimation of this parameter [9], and it has been
shown that the inflexion point on the calculated curve is shifted when n changes.

If the condition

FE,n Z,FZ=0)=0

is satisfied, then the calculated curve intersects the experimental curve in the
inflexion point, but does not coincide with it, and the more the value of n differs
from the true value, the more the slope of the curve against the ordinate axis in the
point (x=a,) changes; consequently, as a criterion for the correctness of the
calculated value of the parameter, the value FN (cf. Fig. 1) may be accepted:

= (de/dT )i, — (do/dT)2,, (%)

In this way the values of the kinetic parameters can be found by solving the
equation

FN(n,E, Z, FE=0,FZ=0)=0 (6)

Analysis of the criterial equations demonstrated that all three criterial functions
change monotonously (cf. Figs 2, 3, 4), and consequently Eq. (6) has a unique
solution.

In order to find the roots of each criterial equation, a traditional method (e.g. the
“intersecting” method) can be used.

To test the applicabilty of the method, a computerized experiment was carried
out. The results of the numerical integration of Eq. (2), with £ = 209.6 kJ/mol,
Z = 0.1-10'1, n = 1 were taken for experimental data. The roots of Egs (3), (4)
and (5) were determined so as to obtain the required accuracy by each of the criteria.
To achieve that the error in the determination of the kinetic parameters shall not
exceed 0.1%, the values of the criteria must not differ from “0” by more than 0.1 for
the criterion FE, 0.01 for the criterion FZ and 0.001 for the criterion FN.

To reach such accuracy in the determination of the roots of each of the criterial
equations, the number of returns to the calculation of the criterion values is 3-4.
The total number of such returns in the solution of this task was 36. The calculated
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values of the kinetic parameters were E = 208.9 kJ/mol, Z = 0.934-10'°,
n=1.01.

To determine kinetic parameter values with similar accuracy by means of non-
linear computerized numerical calculation (using the simplex method), the number
of returns to the calculation of the target function was 485.
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Fig. 2 Relationships of the criteria SK and FZ vs. Z
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Fig. 3 Relationships of the criteria SK and FE vs. E at satisfaction of the condition FZ = 0
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Fig. 4 Relationships of the criteria SK and FN vs. n at satisfaction of the condition FE(FZ = 0) =0

Thus, the approach proposed allowed us to reduce the amount of calculations by
more than an order of magnitude, simultaneously maintaining the accuracy of
determination of the kinetic parameters.
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The standard deviation calculated for the found values of the parameters serves
as usual, as a criterion to what extent the mathematical description corresponds to
experimental data.

The criterial functions FZ, FE, FN are such that their ““0” value corresponds to
the minimum range of the function SK (cf. Figs 2, 3, 4). Therefore the set of kinetic
parameters which is optimal from the viewpoint of this criterion corresponds to the
solution of Eq. (6).

The fulfilment of condition (6) indicates that the calculated curve (i) intersects
the experimental curve in the inflexion point of the latter, (ii) it coincides with the
experimental curve in the range of the inflexion point, and (iii) the sum of
discordances of the curves regarding temperature is minimal on both sides of the
inflexion point.

Let us now turn to the question why the inflexion point was taken as basis. The
following consideration led us in this choice: first, the inflexion point characterizes
the range in which the transformation rate is maximum and the shape of this section
of the curve is most sensitive to changes of the parameters E and Z; it is known, for
example, that the value n practically does not effect the shape of the initial section of
the TG curve, this fact being utilized for the evaluation of E when the mechanism of
the process to be studied is unknown [10]. Second, the initial and final section of the
experimental curve are usually distorted, owing to factors not accounted for in the
mathematical model (Eq. (2)).

In order to check the efficiency of the suggested method for determining the
activation parameters of actual processes, quantitative processing of the ther-
moanalytical curves of calcium oxalate obtained at different heating rates was
carried out. The thermoanalytical curves were recorded using a Setaram THU 2000
with B-70 balance. Recording conditions were the following: ‘measuring cell:
platinum plates, air atmosphere, sample mass 0.18-0.20 g.

The results of processing the data obtained by the suggested method and by non-
linear computerized numerical calculation are listed in Table 1.

The data in the Table indicate that the described method for quantitative
processing of TG results, based on the utilization of the particular effect of each
kinetic parameter on the shape of the TG curve ensures uniqueness of the solution
obtained, independently of the choice of the initial approach, and allows to evaluate
the kinetic parameters with an accuracy not less than obtained with non-linear
computerized numerical calculations, but at a substantially lesser amount of the
necessary calculations.
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Table 1 Quantitative processing of TG curves obtained with calcium oxalate at different heating rates ¢

Processing with
the criterial equation method

Processing with non-linear
computerized numerical calculation

9
deg/min E E
’ ’ nz SK
" KWmol "% Sk " kJ/mol n
0.503 0.98 400 66.8 0.0082 0.99 407 68.2 0.0076
0.720 1.00 403 67.6 0.0150 1.02 409 67.8 0.0142
1.085 0.96 388 65.0 0.0105 0.98 394 66.4 0.0096
2.067 1.04 410 67.6 0.0138 1.04 415 69.8 0.0120
3.250 0.98 400 67.2 0.0073 1.01 411 69.2 0.0052
Mean
value 0.99 400 66.8 0.0129 1.01 407 68.2 0.0097
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Zusammenfassung — Zur Bestimmung der Parameter kinetischer Gleichungen mittels thermogravime-
trischer Ergebnisse wurde ein System charakteristischer Gieichungen vorgeschlagen. Dieses zieht die
Besonderheiten der Effekte jedes einzelnen Parameters auf Lage und Verlauf der TG-Einzelheiten in
Betracht. Es wird gezeigt, daB durch das Verfahren die bestméglichste Losung erhalten wird, welche mit
den experimentellen Daten am besten iibereinstimmt.

Pemome — [ins onpescneHns NapaMeTPOB KMHETHYECKOIO ypapHeHus 110 pesynbTatam TT-aHanusa
OpeUIOKERO HCONb3CBATE CHCTEMY KPHTEPHAJIBHBIX YPaBHEHNH, KOTOPHIE YYHTHIBAIOT OCOBEHHOCTH
BIMSHHE KAKAOTO H3 HApaMeTpCB Ha Bua ¥ nonoxenue TI-zasucumoctu. IToxaszawc, uto
HCHOJB3YyEMbili METOJI FAPAHTHPYET CAHHCTBCHHOCTS HOJIYHaeMOT0 PELIEHMS, KOTOPOE HAMIYYILHM
06pa3oM ONHCHIBAET 3KCHEPHMEHTAIBHEIE JaHHbIE,
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